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1. INTRODUCTION 
Letting ft = ( -1,  1) where 1 _< p < oc, the usual 12P-space with respect o the Lebesgue measure A
restricted to the open interval ft wil[ be denoted by 12P(ft). 
We define a linear operator T (see [1]) from the vector space ~l(ft) into the vector space of all 
A-measurable functions on Ft as follows. Let f E 121(f~). The Cauchy principle vaIue 
[?/+i' 1 1 PV f(T) d7 = l ira 7c~: t )  d7 (1 .1 )  7c r -- t elO t+~ 
exists for A-almost every t E ft. 
We denote the left-hand side of (1.1) by (Tf)(t) for each t E D for which (Tf)(t) exists. 
The so-defined function T f, which we call the finite Hilbert transform of f ,  is defined A-almost 
everywhere on f~ and is A-measurable; see, for example, [2, Theorem 8.1.5]. The resulting linear 
operator T will be called the f inite Hilbert transform operator or Cauchy kernel operator. 
It is known that ~l(gt) is not invariant under T, namely, T(£1(f~)) ¢: 121(ft) [3, Proof of 
Theorem l(b)]. The following basic results are well known, and their proofs may be found in 
Propositions 8.1.9 and 8.2.1 of [2], respectively. 
THEOREM 1. (M. Riesz) Let 1 < p < oc. Then T(•P(Q)) C ~P(f~) and the linear operator 
Tp: f ~-* T f ,  f ¢ ~2P(a), 
on ,~P(~) is continuous. 
0898-1221/02/$ - see h'ont matter @ 2002 Elsevier Science Ltd. All rights reserved. Typeset by AAdS-TF~X 
PIE S0898-1221 (02)00104-9 
1360 N.M. DRAGOMIR et al. 
THEOREM 2. (Parseval) Let 1 < p < oo and q = p/(p - 1). Then 
L 1 ( fTg  + gT f )  dA = O, 1 (1.2) 
for every f E t2P(f~) and g C t2q(r). 
We introduce the following definition. 
DEFINITION 1. A function f : f~ + C is said to be a-H61der continuous (0 < 
suNnterval f~o o f t  if there exists a constant c > 0, dependent upon rio, such that 
a< 1) ina  
I f ( s )  - f ( t ) l  S cls - t r ,  s, t e ro. (1.3) 
A function on ft is said to be locally a-HSlder continuous if it is a-H61der continuous in every 
compact subinterval of fL We denote by H~c( r  ) the space of all locally c~-H61der continuous 
functions on r .  The class of H61der continuous functions on D is independent because the finite 
Hilbert transform of such a function exists everywhere on ft (see [4, Section 3.2; 5, Lemma II. 1.1]). 
This is in contrast o the A-almost everywhere existence of the finite Hilbert transform of functions 
in 111 (r) .  
There are continuous functions f C /2t ( r )  such that (T f ) ( t )  does not exist at some point t E r .  
An example is given by the function f defined by (see [1]) 
0, if - l<t_<O,  
f ( t )  = 1 i fO<t< 1. 
lnt - ln2'  
It readily follows that (Tf)(O) does not exist. 
In [1], amongst others, the following result is proved. 
THEOREM 3. (Okada-Elliot) The space £P(ft) A H~c(~ ) is invariant under the finite Hilbert 
transform operator T, and the restriction o f t  to that space is continuous whenever 1 < p < oo. 
This, however, is not true when p = 1. 
In this paper, we point out some inequalities for the finite Hilbert transform of different classes 
of absolutely continuous functions via trapezoid type rules. For some recent inequalities related 
to the finite Hilbert transform of either Hhlder continuous or monotonic or convex functions, 
see [6}. 
2. SOME ERROR BOUNDS 
The following theorem holds. 
THEOREM 4. Let f : [a, b] --+ IR be such that f '  : (a, b) --+ N is absolutely continuous oll (a, b). 
Then we have the bounds 
r(f)(a,b;t)_f(t) in (b - t )  I a)] 7r ~ - ~ [f(b) - f (a)  + f ' ( t ) (b -  
< 
qllf"LI. 
27r(q + 1)(q+l)/q [(t - a) (q+l)lq + (b - t)(q+l)/q] ,
1 
[[f"[[1 (b - a); 
if f "  e Loo[a,b]; 
if f "  E Lp[a, b], 
1 1 (2.1a) 
p>l ,  -+-=1;  
P q 
IIf"lloo (b - a) 2 ' 
- - - - - -%7- - -  
< qllf"llp(b- a) (q+l)/q 
- ~ ' 
l ilf"}ll (b -  a); 
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if f "  E L~[a, b]; 
ff f" E Lp[a,b], p > l, 
i361 
1 1 
- 4- - = 1; (2 .1b)  
P q 
for all t C (a, b), where I} ' I}p are the usual Lebesgue norms in Lp[a, b] (1 < p < oc). 
PROOF. We start with the following elementary identity which can be proved using the integra- 
tion by parts formula: 
g(~) d~ - (/3 - ~) + ,~ 9'(~) d~, (2.2) 
2 2 
provided that g is absolutely continuous on the interval [a,/3] if a _</3 (or [/3, a] if/3 < a). 
As for the mapping f : (a, b) ~ R, f(t) = 1, t E (a, b), we have 
(Tf)(a,b;t) = -Trl In ( t  - - -~)  'b - t  t E (a, b), 
then obviously 
[ s(T)-s(,)+s(,) z L" 
(Tf)(a,b;t)= PV  -.r-Z-t dr= z rPV& -v t dr+ 7r PV.  r - t '  
from where we get the equality 
( ) /a b f ( r ) - f ( t )d r "  (Tf)(a,b:t) -  f(t) In b - t  1 PV 
' 7r ~-a  zr r t 
(2.3) 
Using (2.2), we obtain 
f 
i- 
b if(u) du Pv F f(r) - dr = PV / t dr 
~a 7- --t ~a 7- - t  
b ((if(T) + f'(t)) /2) (r -- t) + ((t + 7)/2 --U)f"(U) du 
= PV f t dr 
aa  T - - t  
/ rb ((t 4" r ) /2  - u) f"(u) du 
= 1-PV2 J~fb [if(r) 4" if(t)] dr + PV Ja t r -  t dr 
1 ,6 ((t + T)/2 -- u)f"(U) du 
= -2 [ f (b )_ f (a )4 , f , ( t ) (b_a) ]4 ,PV j  a t r - t ,  dr 
and then, by (2.3), we can state the identity 
7r ~ - ~ If(b) - f(a) + f ' ( t ) (b-  a)] 
/ _ _ rb ( ( t  + r ) /2  -- u) f " (u )  du 
1 PV}a t dr. 
--~ 7- t  
(2.4) 
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r- 
< !pv f  b t --rr Ja T--t 
Now,  it is obvious that  
ftt" ( t-~+2T u)f"(u)du < sup_ ,ft'(u), ft tIt+T--2 u6[a,b] 
Using the property of modulus 
(Tf)(a,b;t)- f(t) In (b - t )  1 - a)] 7r ~ - ~ [f(b) - f(a) + f'(t)(b 
((t + r ) /2  - u)f"(u) du 
dr  =: A(a, b; t). 
Then 
It - rt 2 
4 ' 
- -  - -  U du 
for all t, r E (a, b). 
1 By[  b IIf"l[o~ It - r[ A(a,b;t) < dr 
- - I t  Ja 4 
_ I I f " l loo  l im (t  - r )  d r  + (7  - t )  dr  4 e--*O+ t+e 
- 4 ~m+ +T +-5- - -  
l l f " l l~ .  (t - a) 2 + (b - t) 2 
47r 2 
(b _lift 4':c~ [ (t _ a 2_____b b ) 2 + _~)2  ] . 
Using HSlder's integral inequality, we can state for p > 1, 1/p + 1/q = 1, that  
< f t r  ,ft/(~t)[ p du 1/p ~tt'r t ~.._~T U q du [I/q 
(~a b )l/Pf(t-t-v)/2( 4~ )O ~ff ( ~__)qdu, l/q 
< If"(u)l p du . .  u du + u - 
+r)12 
,J,"~""p It - r[ (q+l)/q 
2(q + 1) 1/q ' for all t, r E (a, b). 
Then 
~b []f"llp It -- rl q-1 A(a, b; t) _< 17r PV 2(q + ]-~1-~ dr  
I[f"llp fb  
- -  27r(q + 1)1/q PV I t - rl q-I dr  
- 2~(q + 1)1/q ~m+ (t - r)q- '  ar + +( t  - r)q- '  dr 
"f"'[p . [(t-a)q-'+l-eq-'+' (b-t q-'+l 1 _ gq-l+l 
271"(q -[- 1)l/q el~m+ q-1 -/- 1 -t- q_---2~.~- i • 
{2.5) 
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[If"[]p [(t-a)q-~+l +(b - t )  q ~+1] 
27r(q + 1) 1/q q-1 + ] 
q Ilf"l[p [(t - a) (q+l)/q + (b - t) (q+l)/q] 
27r(q + 1)(q+l)/q 
and the second bound in (2.1) is proved. 
Finally, we observe that 
f"(u)du t r ~t "~ du - -u  < sup ~ u rf"(u)l 
< It- ~I [b 
_ ~ I f " (u) l  du 
Ja  
It - 7t - g II/"[l~- 
Consequently, 
f b 1 A(a,b;t) < _1 PV ]If"Ill dr - Tr 
1 (b - a), 
= 2--~ Ilf"l l l  
and the theorem is proved. 
REMARK 1. It is obvious that for small intervals (a,b), the approximation provided by (2.1) is 
accurate. 
The best inequality we can get from the first and second part of (2.1) is the one for t = (a+b)/2, 
and thus, we can state the following corollary. 
COROLLARY 1. With the assumptions of Theorem 4, we have 
(Tf) (a,b;a+---~b) --~1 [ f (b)-  f (a)+ f'  (~@~)  (b-a)]  
{ []f"l[~ (b - a) "2 i f f "  c L~[a,b]; (2.6) 
167r 
<- qllf"[[v a) (q+l)/q, if f"  E Lp[a,b], p>l ,  1 1 1)(q+Wq~r(b- - + - = 1. 2(q+t)/q(q + p q 
The following result also holds. 
THEOREM 5. Let f : [a, b] ~ R be such that f" : (a, b) ~ R is absolutely continuous on (a, b). 
Then we have the bounds 
f(t) ln [b - t '~  1 (Tf)(a,b;t) - 7r ~, ) ~  - ~ [f(b) - f(a) + f'(t)(b - a)] 
< 
],f , .H~(b_a) (b_a)2 ( ~_~_))2] 
12~r 1-------~ + t -  , 
q ][f'"[tp [B(q + 1, q + 1)] 1/q 
271"(2q -[- 1) [(b - t) 2+l /q  + ( t  - -  a)2+l/q], 
[] f~,;]]l [(b__4a)2 + (t a 2___bb)2] ;
ir f ' "  ~ Lo~[a, b]; 
if f '" E Lp [a, b], 
p>l ,  1 1 (2.7~) -+-=1;  
P q 
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i[ f '" E Loo [a, b]; [If"'lLoo (b - a) a 
367r 
< qllf '" l lp[B(q+l'q+l)]Uq i f f "  Lv[a,b], >1,  1 + 1 =1;  
_ ~(2q-_}_--15 (b - a) 2+1/q, E P P q (2.7b) 
IIf'"lll (b - a)2; 
for all t E (a, b), where I[ " [[p are the usual p-norms and B(., .) is Euier's beta mapping 
// B(a, fl) = t~- l ( l - t )~- ld t ,  a,/3 > 0. (2.8) 
PROOF. Using the integration by parts formula, we obtain the equality 
f~  g(a) + g(~) ( f l _a )_ l  f f l (u-  g(u) du - 2 ~ a)(/3 - u)g"(u) du, (2.9) 
where 9 is such that g' is absolutely continuous on [a,/3] (if ~ </3), or on [/3, c~] (if/3 < a). 
By a similar procedure to that in Theorem 4, we have 
(T f ) (a ,b ; t ) f ( t )  i n (b - t )  1 7r ~ - ~ If(b) - f(a) + f ' ( t ) (b-  a)] 
b (u - t)(r  - u)f'"(u)du (2.10) 
1 
/ "  
- PV  [ dr. 
27"f I ja  T - -  t 
Using the property of modulus, we have 
(Tf ) (a ,b; , ) -  f(t) in (b - t )  1 rr ~ - ~ If(b) - f(a) + f ' ( t ) (b-  a)] 
/- b (u - t)(r - u)f"'(u) du 
1 PV/  t 
<- 27r r - t  dr =: B(a, b; t). 
First, let us observe that 
~ du f T u, du (u - t)(r - u)f"(u) < sup [ f"(u) l  [u - tilt - < {If"lloo It - TI3 
- , ,<t ,~]  - 
and then, 
~b 
B(a,b;t) _< IIf"llOOl2rr PV ja I t -  rl2 dr 
Ilf"[[oo (b - t) 3 q- (t - a) 3 
127r 3 
a, [,b:lS + 1 127r 
which proves the first part of (2.7). 
For the second part, we apply H61der's integral inequality to obtain 
.£~(u- t ) ( r -u ) f " (u )du  <_ f t ' ,u - t ,q t r -u ,qdu  'l/q ft~-,f"(u),P du 'Uv 
< Hf'"llp It - Tl2+l/q[g(q + 1,q + 1)] I/q, 
for all t, r E (a, b). 
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Indeed, if we assume that r > t, then, by u = (1 - s)t + st, s E [0, 1], we get 
[u - tlqlr - ulq du = (u - t)q(r - u)q du 
/o = (r  -- t) 2q+l sq(1 -- S) q ds 
= (r - t)2q+lB(q + 1,q ÷ 1). 
Consequently, we have 
B(a,b;t) <_ IIf'"llp[B(q+ 1,q+ 1)] 1/q 
2~ 
IIf'"[Iv [B(q + 1, q + 1)] 1/q 
2~r 
ql]f"'llp[B(q+ 1,q+ 1)] 1/q 
2~(2q + 1)  
and the second part of (2.7) holds. 
For the last part, we observe that 
/a b PV  It -- T] 1+1/q dT 
(b - t) 2+t/q + (t - a) 2+1/q 
1 + 1/q 
[ (b -  t) 2+1/q + ( t -a )2+X/q]  , 
f ~ - u)f"'(u) du It ~ (t - r) 2 (u - t)(r  ~ m~x I(u - t)(r  - u)] lf'**(u)l du ~ I]f'"l[1 4 
since a simple calculation shows that 
max r (~ - t ) (T  - u ) [  - - -  
(~6[~,t]) 
Thus, we can write the following inequality: 
B(a,b;t) < Irf"qll PV I t -  rldr 
- -  87T aa 
and the theorem is proved. 
(t - r) 2 
][f"'[ll (b -- t) 2 ÷ (t - a) 2 
87r 2 
Ilf'"l[1 [ (b~a)2 (+ t a+b)  2] 
87r _ 2 ' 
REMARK 2. It is obvious that if (b - a) -~ 0, then (2.7) provides an accurate approximation for 
the finite Hilbert transform. 
Taking into account the fact that all the mappings depending on t from the right-hand side 
of (2.7) are convex on the interval (a, b), it is obvious that the best inequality from (2.7) is that 
one for which t = (a + b)/2. 
COROLLARY 2. Let f be as in Theorem 5. Then we have the inequality 
1 + (b - a)j 
I IIf'''ll°°(b-a)a K f ' "e  L~[a, bl; 
1447r 
qlIf ' l tv[B(q+ 1,q+ l)]l/q(b_a)2+l/q ' K f'" • np[a,b], 
< 22+1/q rr(2q + 1) 
p>l ,  1 1 -+-  =1;  
P q 
I[f"q[l (b - a) 2 
32~ 
(2.11) 
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3. FURTHER ERROR BOUNDS 
In [7], Agarwal and Dragomir proved the following trapezoid type inequality: 
1 fb  9(a) +9(b) ~-a  g(x) dx 2 
~a 
< [9(b) - 9(a) - m(b - a)][M(b - a) - g(b) + g(a)] 
- 2(M- m)(b-  a) 
< (M-m)(b -a )  
- -  8 ' 
(3.1) 
provided that g : [a, b] -~ R is absolutely continuous on [a, b] and M = SUPxe(a,b)g'(z) < oo, 
m = inf~e(a,b)g'(x) > --ec, and M > rn. 
Using the above inequality, we can state and prove the following theorem. 
THEOREM 6. Let f : [a, b] --~ N be such that f '  : (a, b) --~ R is absolutely continuous on (a, b) 
and 
F= sup f " ( t )<oc ,  7= inf f " ( t )>-ec ,  F>7.  (3.2) 
tE(a,b) tE(a,b) 
Then we have the bound 
(Tf)(a,b;t) f(t) In (b - t )  1 a)] - 7r ~ -~ [ f (b ) - f (a )+f ' ( t ) (b -  
-< (F~-~'Y) [ ( t -a+b)  22  + (b-a)g]-4 -< (F-~)(b-a)2167r ' 
(3.3) 
for all t E (a, b). 
PROOF. Applying the inequality (3.1) written for f ' ( . )  in the following version: 
I 1 [" (r-~)ft-Tf Jt if(u) du if(T) +i f ( t )  < 
2 - 8 ' 
we can state the inequality 
f(T) Z f(t) f'(~') + f'(t) < (r  - 7)It - 71 
7- t  2 - 8 ' 
(3.4) 
for all t, 7- E [a, b], t ¢ r. 
The following property of the Cauchy-principal value follows by the properties of integral, 
modulus, and limit: 
[ i v PV A(t ,s)ds <_ PV  IA(t,s)rds (3.5) 
aa 
holds, assuming that the PV involved exist for all t E (a, b). 
Using (2.4) and (2.5), we may write 
fab I b i f(r)  + if(t) dr PV  f(r)_ - f(t)  dT -  PV  
~- t ~a 2 
< Py [b f (~_  f(t) f'(T) + f'(t) d~ 
- Ja I T t 2 
f f  (V-~)l t-~[ 
<_ PV 8 d~-, 
(3.6) 
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and as 
and 
1 PV j~ --r dT=(T f ) (a ,b ; t ) -  7r In ~ , 
1pv  fb  f ' (7)  + i f(t)  dr = 1 
7c Ja 2 ~ If(b) - f (a) + f ' ( t ) (b -  a)], 
1 
PV ]t - T] dT t + 
7~ 2~r -- 7r 2 
then by (3.6) we deduce the desired inequality (3.3). 
It is obvious that the best inequality we can get from (3.3) is that one for which we have 
t = (a + b)/2, obtaining the following result. 
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COROLLARY 3. Under the assumptions of Theorem 6, we have the inequality 
+ (b - a)] _< - 7)(b327r - a): 
4. SOME NUMERICAL  EXAMPLES 
For a differentiable function f : (a, b) --* R, consider the expression 
E( f ;  a, b, t) = s(<) 1 7r ~ + ~ [f(b) - f (a) + ff(t)(b - a)]. (4.1) 
As shown in Theorems 4-6, E( f ;  a, b, .) provides an approximation for the finite Hilbert transform 
T( f ) (a ,  b, .). We remark that for small intervals, i.e., b -  a --* 0, the approximation is accurate 
(with the order two or three, etc.). 
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If we consider the function f : [1,2] --* R, f(x) = v /~T1 then the plots of E(f ;a ,b , . )  
~nd T(f) (a,  b, .) are very close to each other (see Figure 1). The second plot in Figure 2 will 
show the magnitude of the closeness. If we consider the function f : [1, 2] ~ R, f (x)  = sinx, 
then Figure 3 contains the plots of both E(f;  a, b, .) and T(f)(a,  b, .), while Figure 4 shows the 
magnitude of the closeness. 
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